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Prediction of the fracture toughness
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A statistical/micromechanical model is developed for the prediction of the fracture
toughness of fibrous composites. The fracture resistance of the material is assumed to be
related to the statistical distribution of the fiber pull-out length. The distribution of the fiber
pull-out length is derived from the fiber strength distribution. The R-curve behavior of the
fibrous composite is predicted and interpreted based on the present model. The limiting
fracture toughness is predicted to be proportional to the square root of the ineffective
length, or proportional to the square root of the fiber length if the fiber length is less than
the ineffective length. © 2000 Kluwer Academic Publishers

1. Introduction from the matrix is assumed to occur before the fiber
During crack growth, several failure mechanisms carbreaks. Thus the main crack growth resistance comes
be activated in fibrous composites. These mechanisnfsom the fiber pull-out mechanism. It should be noted
include fiber breakage, matrix damage, fiber/matrixthat the theoretical results can be applied to the situ-
debonding, fiber pull-out, etc. Even a brittle-fiber/ ation that fibers are randomly oriented, provided that
brittle-matrix compaosite can have a high fracture tough-some precautions are observed.

ness. For example, a brittle epoxy resin with fracture Ithasbeenexperimentally confirmed thatthe pull-out
energy of about 170J m~2 can be combined with brit- length of fibers is not a constant [7]. This implies that
tle glass fibers to form a composite system which maythe resistance of the composite material to crack growth
have fracture energy of up to 10 m2 [1]. Such large is varied from one place to another. The present theoret-
increase in fracture energy is attributed to the aboveical analysis is based on this observation. Accordingly,
mentioned failure mechanisms. Like ductile metals, thea statistical approach is adopted. The distribution of the
fibrous composite also exhibits the so-callRecurve  pull-out lengths is derived from the fiber strength dis-
behavior [2], i.e. the energy required for catastropic ortribution. The crack tip is no longer to be treated as
large-scale crack extension is larger than that for the inisharp as in the case of homogeneous brittle materials.
tiation or small-scale crack growth. Tiecurve behav-  The crack blunting due to the presence of fibers is taken
ior has been explained with some success based on tligo consideration. The criterion for crack growth is as-
crack bridging concept [3-6]. In particular, a compre-sumed to be that the stress near the rounded crack tip
hensive account on the crack bridging concept has beemust exceed some threshold value. Rieurve behav-
given in Cotterell and Mai [5]. In this paper, an alterna-ior of fibrous composites can thus be explained consis-
tive viewpoint is proposed. It is believed that an alter-tently. It is interesting to compare the present microme-
native viewpoint may be important for an independentchanical theory with the phenomenlogical theory devel-
verification of the results. In the crack-bridging model, oped earlier [8]. Both theories are aimed at explaining
the relationship between the fiber restraining force andnd predicting the stable crack growth behavior of the
crack opening displacement in the crack wake can nomaterial based on similar concepts.

be easily determined or verified. On the other hand,

the material parameters appeared in the present predic-

tion model (as shown in the following sections) can bes The stress field ahead of a blunt crack

measured in the post-mortem specimens. It should alsgpe stress field around a blunt crack has been studied

be noted that both the anisotropy of materials and thg, several investigators [9, 10]. Specifically, the stress
blunt crack tip are taken into account. These factors;; the blunt crack tip is given by

have been ignored in the above-mentioned models.

The model composite is unidirectionally reinforced K
with fibers. The external tensile loading is applied par- o= R\/?p 1)
allel to the fiber direction, while the crack is assumed to
be perpendicular to the fibers. Both the fibers and mawhere K is the nominal stress intensity factqs;is
trix are brittle, so that the toughness of the individualthe radius of the curvature of the crack tiR;is the

phase is negligible. The debonding process of the fibestress rounding factor. In generd,is dependent on
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the actual profile near the crack tip [11]. Furthermore. Y
R is also dependent on the anisotropy of the materie
[12]. For example, when the material is isotropic and
the crack is idealized as a slender ellipse tRea2+/2.

On the other hand, in an orthotropic material, the value )
of R depends on the ratio of the Young’s moduli along 1
two principal direction€; to E, and its determination
requires the actual crack profile. Nevertheless, for mos =
fibrous composites the range of the ratidmqfto E; is — h
10-?-1C. Accordingly the range oR is restricted by L _,L\ R Le
2 < R <9 for most fibrous composites. — H e X

3. Micromechanical model m\ r
It is assumed that for crack extension the crack mus
fully open, i.e. the strengthening fiber must be pulled
out partially or completely. Accordingly, if the local ]
pull-out length is¢, it is assumed that the crack tip -
opening displacement and the radius of the rounde

crack tip are about this same value. Consequently, we o o _
take p ~ ¢. Therefore the stress near the crack tip isF|gure 1 Schematic diagram of crack tip region in a fibrous composite.

given by
Based on the finite difference solution, Termonia [16]
K found
o=w (2
2nt E;
le~d— 5
e~ dg (5)

wherew is a geometrical factor accounting for the stress
rounding fgc_:torR and the approximation gf ~ t. Fur- . In “plastic” stress transfer cases, a typical estimation is
thermore, itis assumed that the crack growth is possmlaiven by Kelly [17]

only wheno attains a critical value.. In generalg.

can be taken the strength of the fiber. In terms of the

nominal stress intensity factor, this implies that le = dm (6)
K> Svart (3) where(o;) and(r) are the average fiber strength and

fiber/matrix interface shear stress. Here we have some-

isthe condition for crack growthlwhewenoteﬁc/a)_ how modified the Original mOdel, since there are Iarge

Since is not a constant, a statistical distribution aboutscatters in the fiber strength. The strength variation of
¢ must be established. the fiber is usually given in terms of the Weibull distri-

bution, i.e.

4. Distribution of pull-out lengths Plc)=1- exp[— (i> :| @)
The statistical distribution of fiber pull-out lengths has oo

been studied [7, 13, 14, 6]. Since some incorrect a.rilvhereoo anda are constants.

guments made in [13], a new theoretical analysis is Within the ineffective length, i.ey < £¢/2 (refering

presented here.. . N to Fig. 1), we expect that the single-site fiber breakage
Typical crack tip region is sketched n Fig. 1_whéae robability is much greater than the multi-sites fiber

and¢; denote the debond length and ineffective lengt reakage probability. Hence if we divide,/2 into n

respectively. Before the fiber breaks, the stress variaz P
tion along the fibew (y) is governed by the equilib- ag?Itlﬁeo;ig(eqtjglrézrlgt;?\issshown in Fig. 2. The frequency

rium condition and the stress transfer between the ma-
trix and fiber. Several stress transfer models have been

n
proposed. In elastic stress transfer cases, Rosen [15] fi ~ P(o(y)) 1_[(1_ P(o(yj))) (8)
indicated i #i
E\Y2[1_ L2 12 Accordingly, the relative frequency is
o &))" e
m Vi fi  R/1-P) ©)

. N fi — Pi/(1—Py)
whered is the fiber diametei; the Young’s modulus
of the fiber,G, the shear modulus of the matrié, the  whereP, = P(o (y;)). Passing to the limit, we find that
volume fraction of the fiber. the cumulative distribution for the fiber pull-out length
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] 2/ 4,
ﬂc Figure 3 Typical statistical distributions of the pull-out lengths.
2 be reasonably fitted by this equation, except at the lower
y. tail. This can be easily explained by the following ar-

| guments. Since the usual procedure for measuring the
pull-out length is to measure the length of the fiber ex-
truding out the crack surface, so the experimental data
are usually larger than those defined here by a small
amounts due to the irregular structure of the crack
surface. Thus, we shall use the following statistical dis-
tribution for pull-out lengths

) T Ry e R pp———

y 0 y<$é
| f 2y Le
— &< < =
Fy={% °=Y=2 (13)
Figure 2 A segment of fiber of length:/2 being divided intm cells. 1 y > f_c
2
is given by According to Equation 3, the local resistance to crack

02 growth is proportional ta/¢. Therefore, the probability
F(y) = /y P(o()) ds// _PE®) de of pulling out one fiber (or one strand of fibers) near
0 0

1-P(a(8)) 1-P(a(8)) the crack tip by the driving “forceK is assumed to be
(10)

or F1 = Prob(1;K)

o (€) 0 K < SV276
F(y)=[/0 exp( ) d§+y} _ < K )2 575 < K < SUST

/ “ exp( 2 l e

/[ exp( ) ds + 5] (12) 1 SJ/nl: < K
0

(14)
Thus, once the stress variation along the fibéy) is
known, F(y) can be directly computed by (11). A spe- If the crack growth distance is not large compared with
cial case is explored here. Before fiber breaking, if thethe original crack length, then the nominal stress inten-
fiber is completely detached from the matrix, thely)  sity factorK is almost a constant during crack growth.

is a constant. It is concluded that Consequently, the probability of pulling ontfibers is
5 ' given by
Fy)="2 y=<= (12)
Le 2 Fm = Probm; K) = (F)"
The distribution is independent on strength variation 0 K < SV2ré
of the fiber. Since in a debonded fibety) decreases K 2m
asy increases, the prediction of Equation 11 usually = ( ) SV2rs < K < Syméc
would yield a concave curve as shown in Fig.3. While Sv ”1& SUrls < K
the distribution (12) only corresponds to some extreme Tle =
conditions, the experimental data [7] can nevertheless (15)
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0 2 4 6 8 Figure 5 The predicted limiting fracture toughness as a function of the
fiber length.

Figure 4 The predicted crack growth resistance as a function of growth

distance. The fracture toughness of the large scale crack growth

(the limiting fracture toughnes&)>°) can be found
by assumingn is large. Hence from Equation 19 we

Accordingly, the averageK ) to drive a crack to prop-  obtain
agate a fixed distanaex wherea is the fiber spacing

can be determined by in_tegrating the whole possible (K) =(1- \/E) +y (20)
range ofK for constanmm, i.e. SVmile
— When the contributions ¢f andy are negligible{K)°
(K) = / "k OFm is roughly aboutS,/z ¢.. For short fibrous composites
svzrs 0K with the average fiber lengthsmaller thart, the limit-

’m ing fracture toughness is predicted®y/r L. However,
= (SVmtc—Sv2rs)  (16) it should be noted that for short-fiber reinforced com-

2m+1 posites, dut to the presence of fiber ends, the fiber may

or be pulled out before breaking if the embedded length
is not long enough [18]. A more rigorous treatment

(K) — 2m 1 \/» 17 should take this matter into accounts. In this paper we
Tl  2m+ 1( ~Vh) A7) shall ignore this issue. Accordingly, the relationship

between the limiting fracture toughness and the fiber
whereg = 28/¢. InFig. 4, aschematical curve is ploted !€ngth is predicted as shown in Fig. 5 by assumihg
by using the continuous version of Equation 17,iiee. 1S @ constant. Since the experimental data reveal that
is taken to be a real variable. Tiecurve behavior of the average fiber strength decrease as the fiber length

the material is vividly seen. Furthermore, the standardncreases, it may be infered that the limiting tough-
deviation can also be computed, ness actually would attain its maximum when the fiber

length is equal to the ineffective length. The conclusion

5 1 o is supported by the experimental results [19].
= 1- 18
— mriVme1t A (18)

. b, The influence of orientational
Generally speaking, some part of the toughness is inde- gistribution of fibers

pendent on growth distance, which is associated withy, the foregoing analysis, it is assumed that the fibers
the inherent fracture toughness of the fiber and the magye g)| aligned. Practically, different lay-ups must be
trix. For the fibrous composites investigated in this pased for different structural applications. Experimental
per the inherent part of the toughness is much less thagsyits [19] indicates that the pull-out length distribu-
the contribution from the pull-out mechanism. Never-tjo, js relatively independent on the fiber orientation.

thel_ess, for generallty we shall modify Equqtlon 17 by Hence we may assume titatemains unchanged. Thus

adding a term independent on the growth distance, Soe |imiting fracture toughness is expected to be pro-
portioal to the composite strength in the loading direc-
(K) = (1-B) 2m 4 (19) tion, if the pull-out mechanism dominates the failure

Symie 2m+1 4 proess. In other words, the orientational dependence of
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the limiting fracture toughness can be shown [18] as into fiber strands of high strength. On the other hand, in
orderto have high toughness (to increase the ineffective

(K(0))>® = (K(6 = 0))>® cog 6 (21) length) the binding materials of low strength should be

used to produce the final composite materials by bind-

wheref is the misaligned angle between the loadinging these strong fiber strands together.
and the fiber direction. On the other hand, it should
be noted that, for instance, in a cross-ply laminate th
90°-ply apparently contribute little to the strength of
the composite, but its presence usually would assist th
debonding process of fibers in theply. Therefore, we
should not underestimate the importance of the weake
layer in enhancing the toughness of the composite.
For 2D randomly distributed fiber reinforced com-
posites, approximately we have

eI. Concluding remarks
uring crack growth, the fracture resistance of the fi-
rous composites is varied along the crack path. This
ariation can be infered from the statistical variation of
iber pull-out lengths. The crack tip configuration can
be described in terms of the local pull-out length. Ac-
cordingly the stochastic resistance of the material can
be related to the statistical description of the pull-out
length. Furthermore, we also present a mathematical
(K@ =0)* (22) analysis to derive the pull-out length distribution from
the fiber strength distribution. Based on the above men-
tioned procedures, a statistical/micromechanical model
is developed forthe prediction and explanation offfae
curve behavior of fibrous composites. The limiting frac-
(K =0y (23)  turetoughness is found to be proportional to the square
root of the ineffective length, as the maximal pull-out
length can reach up to one half of the ineffective length,
6. Limiting fracture toughness or proportional to the square root of the fiber length if
In this section the limiting fracture toughness of somethe fiber length is less than the ineffective length.
typical fibrous composites are calculated. The critical It should be noted that the limiting fracture tough-
stressr; is assumed to be the average fiber strength ~ ness is only an indicator for the maximal potential of
The fiber volume fraction is assumed to be 0.65. Théhe material’s resistance to crack growth. Under usual
geometrical factow is then estimated as 2.5. The di- conditions, we may not be able to fully realize this
ameter of the fiber is assumed to beld. The tensile  potential. Hence, only some fraction, s&yo, of this
strengths of the glass and graphite fibers are 3.1 GPéalue should be used for the design purpose. It is evi-
and 3.44 GPa respectively. The shear strengths of théent that for the materials with the same limiting frac-
epoxy and polyester resins are 30 MPa and 25 MPa rdure toughness, the value B may have to be chosen
spectively. The estimation @ is then based on Equa- differently. In fact the value of % depends critically
tion 6 and is confirmed with the experimental data [7].0n the fiber strength variation, particularly on tdaén
The final results are shown in Table I. The theoreticalEquation 7. For the same level of reliability against frac-
predictions are notin perfect agreement with the experiture, the larger the: value the smaller thé& % value
mental data, but the order of magnitude is in agreemenghould be used. Since largerimplies the more ho-
Specifically, in the present model only the fiber pull-outmogeneous in the fiber strength, this situation in turn
mechanism contributes to its toughness while in a reaindicates the pull-out length distribution would be con-
material system other failure mechanisms always b&entrated around a very short interval.
present and can contribute to its toughness. Despite that Finally, it should be pointed out that the present anal-
there are some uncertainties about the actual materisbis is based on the assumption that the debonding pro-
properties used in experiments, such a fair agreeme€ess occurs first, and the fiber breakage follows. The
indicates that the fiber pull-out is the dominant failure pull-out process is then responsible for resisting crack
mechanism in these fibrous composites. growth. Under certain circumstances, the debonding
The theoretical results indicate a way to produce fi-and pull-out processes may be inhibited by the strong
brous composites with both high strength and high fracinterface strength, or by the high loading rates [21],
ture toughness. Fibers of smaller diameter should b#e dramatical decrease in the pull-out length implies
used and strong binding agents are used to glue theglarge decrease in the fracture toughness. For a com-
prehensive treatment on the prediction of the fracture
toughness of fibrous composites, the role played by the

(K(@2R))™ =

NI

For 3D random structure composites, we find

(K@BR))™ =

Wl =

TABLE | Thelimiting fracture toughness interface strength must be properly considered. Such
v KO)™ KER)™® Ko a treatment is beyond the scope of the present article.

Material (mm) Exp. (MPa/) (MPaym) Exp. |nterestedreaders can find the recent and past develop-

ments in this field in Ref [22].

Glass/epoxy 052 0% 50 25 29

Glass/polyester 0.62 24 55 28 28

Graphite/epoxy 0.57 & 58 29 44 Acknowledgement
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